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Abstrat
OCHA is the homotopy algebra of open-losed strings. It an be dened
as a sequene of multilinear operations on a pair of DG spaes satisfying
ertain relations whih inlude the L∞ relations in one spae and the A∞
relations in the other. In this paper we show that the OCHA struture is
intrinsi to the tensor produt of the symmetri and tensor oalgebras. We
also show how an OCHA an be obtained from A∞-extesions and dene
the universal enveloping A∞-algebra of an OCHA as an A∞-extension of
the universal enveloping of its L∞ part by its A∞ part.
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1 Introdution
Inspired by Zwiebah's lassial open-losed string eld theory, Kajiura and
Stashe introdued Open-Closed Homotopy Algebras [6℄. OCHAs were pre-
sented in three equivalent ways: as a sequene of multilinear operations satis-
fying ertain onditions; as an algebra over a DG Operad and as a oderivation
dierential on a ertain oalgebra.
∗
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Let (Hc,Ho) be a pair of DG spaes. Aording to the multilinear operations
desription, an OCHA struture on the pair (Hc,Ho) onsists of two sequenes of
multilinear maps: ln : H
∧n
c → Hc, n > 1 and np,q : H
∧p
c ⊗H
⊗q
o → Ho, p+q > 1,
satisfying ertain ompatbility onditions. The ompatibility onditions say
that the maps {ln} dene an L∞ struture on Hc, the maps {n0,q} dene an
A∞ struture on Ho and the maps {np,q} for p, q > 1 provide the struutre of
an A∞-algebra over an L∞-algebra on Ho (i.e., the strongly homotopy version
of the ation by derivations of a Lie algebra on an assoiative algebra, see [6℄).
It remais to understand mathematially the terms of the form np,0 : H
∧p
c → Ho.
Providing one possible mathematial interpratation for those maps is one of the
onerns of the present paper. On the other hand, their physial meaning is
well reognized. Aording to [6℄, the maps np,0 originated from the operations
of opening losed strings into open ones.
The operadi desription onsists of providing a dierential graded operad
whose algebras (or representations) are preisely those pairs of DG spaes en-
dowed with the struture of an OCHA. Kajiura and Stashe dened that operad
using the language of trees in [7℄ and disussed the geometry behind that operad
in [8℄. That geometrial desription was further studied in [3℄ and used to give
the OCHA operad a desription in terms of minimal resolutions involving the
Swiss-Cheese operad. There we prove that the OCHA operad is the operad de-
ned by the rst row of the E1 term of the spetral sequene of the ompatied
onguration spae of points on the losed dis.
As for the oderivation desription (or oalgebra desription of OCHA), let
us onsider the multlinear maps: ln : H
∧n
c → Hc and np,q : H
∧p
c ⊗ H
⊗q
o → Ho
satisfying the above mentioned ompatbility onditions. Kajiura and Stashe
showed that, after lifting those maps as oderivations l and n on the oalgebra
ΛcHc⊗T
cHo, the ompatbility ondition is equivalent to the ondition (l+n)
2 =
0. That oalgebra desription is the subjet of the present paper. We will show
that any oderivation on ΛcHc⊗T
cHo has the form l+n, thus showing that the
OCHA struture is intrinsi to the tensor produt of the symmetri and tensor
oalgebras.
Main Results
We now desribe the main results of this paper. The notation used will be
explained at the end of this introdution. Let us assume a xed eld k of
harateristi zero. Consider a vetor spae E with a splitting E = A⊕B in the
ategory of vetor spaes. Let M = {mk : E
⊗k → E} be a family of multilinear
maps on E. We say that M satises the OCHA onstraint with respet to the
spliting E = A⊕B if it has only omponents of the formMAp,q : A
⊗p⊗B⊗p → A
and MBn : B
⊗n → B. We say that a oderivation satises the onstraint if it
is obtained by lifting a family of maps that satisfy the onstraint. More details
are given in Setion 3, where we prove the following result for Hc ⊕Ho.
Proposition. Any oderivation on the oalgebra ΛcHc ⊗ T
cHo satises the
OCHA onstraint.
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This fat means that the OCHA onstraint, whose geometrial and physial
meaning is disussed in [3,8℄, is in fat intrinsi to the oalgebra ΛcHc⊗T
cHo.
As a onsequene, we have the following theorem.
Theorem. An OCHA struture on the pair of spaes (Hc,Ho) is equivalent to
a degree one oderivation dierential D ∈ Coder(ΛcHc ⊗ T
cHo), D
2 = 0.
Setion 4 involves a oalgebra map
Ξ : ΛcHc ⊗ T
cHo → T
c(Hc ⊕Ho)
given by symmetrization and shuing. An A∞-extension is a short exat se-
quene of A∞-algebras 0 → A → E → B → 0, where eah map is a linear
A∞-morphism. The following theorem is proven in Setion 4:
Theorem. If (E,D) is an A∞-extension of B by A, then D ◦ Ξ denes an
OCHA struture on the pair (B,A). The L∞-struture on B is the Lada-Markl
symmetrization of the A∞-struture on B.
If the A∞-extension (E,D) splits, then the OCHA struture indued by the
above theorem redues to an A∞-algebra over an L∞-algebra. Suh strutures
were introdued by Kajiura and Stashe in [6℄ as the strong homotopy version
of ations by derivations of Lie algebras on assoiative algebras. Strutures
ontaining pairs (L,A) where the Lie algebra L ats by derivations on the asso-
iative algebra A have appeared in dierent ontexts in the literature, see [5℄ for
an overview. If A is ommutative, L is an A-module and L ats by derivations
on A, then the pair (L,A) is alled a Lie-Rinehart Algebra, see [4℄. In the ase
where A is not neessarily ommutative and L does not need to be an A-module,
the pair is alled a Leibniz Pair by Flato, Gerstenhaber and Voronov [2℄. Thus,
A∞-algebras over L∞-algebras are Strong Homotopy Leibniz Pairs.
The universal enveloping A∞-algebra of an OCHA is introdued in Setion
4.2. Its denition is ompletely analogous to the universal enveloping A∞-
algebra of an L∞-algebra introdued by Lada and Markl in [10℄. Given an
OCHA (Hc,Ho,D), its universal envelopingA∞-algebra is denoted U∞(Hc,Ho),
while U∞(Hc) denotes Lada-Markl A∞-algebra. In setion 4.2 we prove the
following theorem:
Theorem. The universal enveloping A∞-algebra U∞(Hc,Ho) of an OCHA
(Hc,Ho,D) is an A∞-extension of U∞(Hc) by 〈Ho〉:
0→ 〈Ho〉 → U∞(Hc,Ho)→ U∞(Hc)→ 0
where 〈Ho〉 denotes the A∞-ideal generated by Ho.
We lose Setion 4 by showing that the universal enveloping A∞-algebra of
an OCHA satises a universal property naturally desribed in terms of A∞-
extensions.
3
Notation and Conventions
Let us x a eld k of harateristi zero. By a vetor spae we will always mean
a Z-graded vetor spae. Let V be a vetor spae, we dene a left ation of the
symmetri group Sn on V
⊗n
in the following way: if τ ∈ S2 is a transposition,
then the ation is given by x1 ⊗ x2
τ
7→ (−1)|x1||x2|x2 ⊗ x1. Sine any σ ∈ Sn is a
omposition of transpositions, the sign of the ation of σ on V ⊗n is well dened:
x1 ⊗ · · · ⊗ xn
σ
7→ (−1)ǫ(σ)xσ(1) ⊗ · · · ⊗ xσ(n).
We will refer to (−1)ǫ(σ) as the Koszul sign of the permutation. Let us dene
(−1)χ(σ) = (−1)σ(−1)ǫ(σ), where (−1)σ is the sign of the permutation. Given
two homogeneous maps f, g : V →W , we will follow the Koszul sign onvention
for the tensor produt: (f ⊗ g)(v1 ⊗ v2) = (−1)
|g||v1|(f(v1)⊗ g(v2)).
In general, a Strong Homotopy Algebra dened on some vetor spae V will
be denoted as a pair (V,D). The symbol D stands for the SH-struture. In this
work, D an be thought of as a sequene of multilinear operations as well as a
oderivation dierential on some oalgebra. We observe that any vetor spae
endowed with some SH struture has in partiular a dierential operator whih
is part of the SH struture.
2 Open Closed Homotopy Algebras
Here we dene OCHA using the same grading and signs onventions of [6℄
whih is the more appropriate for the oalgebra desription. For a equivalent
desription where the grading and signs have a geometrial meaning, see [3℄.
Let us begin by realling the denition of L∞-algebras [11℄.
Denition 1 (Strong Homotopy Lie algebra). A strong homotopy Lie algebra
(or L∞-algebra) is a Z-graded vetor spae V endowed with a olletion of degree
one graded symmetri n-ary brakets ln : V
⊗n → V , suh that l
2
1 = 0 and for
n > 2: ∑
σ∈Σk+l=n
ǫ(σ) ll(lk(vσ(1), . . . , vσ(k)), vσ(k+1), . . . , vσ(n)) = 0 (1)
where σ runs over all (k, l)-unshues, i.e., permutations σ ∈ Sn suh that
σ(i) < σ(j) for 1 6 i < j 6 k and for k + 1 6 i < j 6 k + l.
Denition 2 (Open-Closed Homotopy Algebra − OCHA). An OCHA onsists
of a pair of graded vetor spaes (Hc,Ho) endowed with two sequenes of degree
one multilinear operations l = {ln : L
⊗n → L}n>1 and n = {np,q : L
⊗p⊗A⊗q →
A}p+q>1, suh that (L, l) is an L∞-algebra and the two families satisfy the
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following ompatibility ondition:
∑
σ∈Σp+r=n, p>2
(−1)ǫ(σ)n1+r,m(lp(vσ(1), . . . , vσ(p)), vσ(p+1), . . . , vσ(n), a1, . . . , am) +
+
∑
σ∈Σp+r=n
i+j=m−s
(−1)µp,i(σ)np,i+1+j(vσ(1), .., vσ(p), a1, .., ai,
nr,s(vσ(p+1), .., vσ(n), ai+1, .., ai+s), ai+s+1, .., am) = 0.
where µp,i(σ) = s+ i+ si+ms+ ǫ(σ) + s(vσ(1) + · · ·+ vσ(p) + a1 + · · ·+ ai)+
+ (a1 + · · ·+ ai)(vσ(i+1)) + · · ·+ vσ(n)).
3 Coderivations
Here we shall briey reall the notion of oderivation and how the Gerstenhaber
braket an be seen intrinsially as the graded ommutators of oderivations on
the tensor oalgebra, see [13℄ for details.
Given a oalgebra (C,∆, ε), a oderivation of C is a linear map f : C → C
suh that (f ⊗ 1 + 1 ⊗ f)∆ = ∆f and εf = 0. In the ase of the tensor
oalgebra T cV ogenerated by V , any linear map f : V ⊗k → V an be lifted to
a oderivation fˆ : T cV → T cV dened as fˆ(v1 ⊗ · · · ⊗ vn) = 0 if n < k and
fˆ(v1 ⊗ · · · ⊗ vn) =
n−k∑
i=0
(1⊗i ⊗ f ⊗ 1n−i−k)(v1 ⊗ · · · ⊗ vn), for n > k. (2)
Consequently, any map f : T cV → V an be lifted to fˆ : T cV → T cV
by adding up the liftings of eah omponent of the map f . The lifting as a
oderivation denes an isomorphism between the vetor spaes Hom(T cV, V )
and Coder(T cV ).
Restriting attention to graded oderivations, we have a spae with the stru-
ture of a graded Lie algebra with braket given by the graded ommutator of
ompositions: [θ, φ] = θ ◦ φ − (−1)|θ||φ|φ ◦ θ. Under the isomorphism provided
by the lifting as a oderivation, the above braket indues a graded Lie algebra
struture on
⊕
n>0Hom(V
⊗n, V ) (the graded spae orresponding to the spae
of graded oderivations). Stashe has shown that the braket indued through
the above isomorphism is, up to sign, the Gerstenhaber braket [13℄. The sign
an be adjusted using suspension and desuspension operators, see [1, 13℄.
Observation 1. It is also possible to dene the lifting as a oderivation for the
symmetri oalgebra ΛcV as well as for ΛcV ⊗ T cU , see formulas on page 13.
However, those formulas holds only in the partiular ase of the symmetri and
tensor oalgebras. For a more general study of oderivations, one an onsider
oderivations of a P-oalgebra X, where P is an operad [12℄.
Observation 2. Sine the spaes Hc and Ho are graded, there are two ways of
grading the spae of oderivations. One way is through the external degree, i.e.,
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the grading by the number of variables. The seond is indued by the grading of
Hc⊗Ho and is alled internal degree. In this paper we will only use the internal
degree.
3.1 Coderivations on Λ
cHc ⊗ T
cHo
Aording to its operadi desription [3,6,7℄, eah OCHA operation np,q and ln
orrespond to a partially planar orolla:
1 2
. . .
. . . n
ln =
. . . . . .1 1
np,q =
. . . . . .
qp
.
(3)
In the language of trees, the OCHA onstraint an be stated as follows: The
OCHA operad has no orolla with spatial root and planar leaves. The Axelrod-
Singer ompatiation of the moduli spae of points on the losed dis is a
manifold with orners whose boundary is labelled by the partially planar trees
obtained after grafting orollae of the above type. Other types of partially
planar orollae will not appear in that boundary strata. That is the geometrial
origin of the OCHA onstraint.
In this setion we show that any oderivation on ΛcHc ⊗ T
cHo satises the
OCHA onstraint, i.e., that the OCHA struture is intrinsi to the oalgebra
ΛcHc ⊗ T
cHo. We begin by realling the denition of the shue produt.
Denition 3. For any vetor spae E, let a1 ⊗ · · · ⊗ an ∈ E
⊗n
and 0 6 i 6 n.
The shue produt of a1 ⊗ · · · ⊗ ai ∈ E
⊗i
and ai+1 ⊗ · · · ⊗ an ∈ E
⊗n−i
is:
Shi,n−i(a1 ⊗ · · · ⊗ ai|ai+1 ⊗ · · · ⊗ an) :=
∑
σ∈U(i,n−i)
(−1)ǫ(σ)aσ(1) ⊗ · · · ⊗ aσ(n) (4)
where U(i,n−i) is the set of all (i, n− i)-shues, i.e., σ ∈ Σn with
σ−1(1) < · · · < σ−1(i), σ−1(i+ 1) < · · · < σ−1(n).
The shue produt Sh : T cE ⊗ T cE → T cE denes an assoiative produt
that is ompatible with the deonatenation oprodut ∆ : T cE → T cE⊗T cE,
so Sh is a oalgebra map with respet to ∆.
Now onsider E = Hc ⊕Ho and dene Ξ : Λ
cHc ⊗ T
cHo → T
c(Hc ⊕Ho) :
Ξ((c1 ∧ · · · ∧ cp)⊗ (o1 ⊗ · · · ⊗ oq)) = Sh(χ(c1 ∧ · · · ∧ cp)|(o1 ⊗ · · · ⊗ oq))
where χ : ΛcHc → T
cHc is the symmetrization oalgebra map:
χ(c1 ∧ · · · ∧ cn) =
∑
σ∈Sn
(−1)ǫ(σ)cσ(1) ⊗ · · · ⊗ cσ(n).
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We will sometimes refer to Ξ : ΛcHc ⊗ T
cHo → T
c(Hc ⊕ Ho) : as the
symmetrization and shuing oalgebra map.
Sine we are working over a eld of harateristi zero, the symmetrization
and shuing Ξ is an injetive oalgebra map. Now let pn : Λ
cHc ⊗ T
cHo →⊕
p+q=nH
∧p
c ⊗H
⊗q
o be the anonial projetion. We observe that pn = Ξ
−1πnΞ
where πn : T
c(Hc ⊕ Ho) → (Hc ⊕ Ho)
⊗n
is the anonial projetion. In par-
tiular, p1 = π1Ξ : Λ
cHc ⊗ T
cHo → Hc ⊕ Ho. It is not diFult to see that
πn = (π1 ⊗ · · · ⊗ π1)∆
(n−1)
⊗ , Where ∆⊗ denotes the deonatenation oprodut
on T c(Hc ⊕Ho), we thus have:
pn = Ξ
−1(π1 ⊗ · · · ⊗ π1)∆
(n−1)
⊗ Ξ
= Ξ−1(π1 ⊗ · · · ⊗ π1)Ξ
⊗n∆(n−1)
= Ξ−1(p1 ⊗ · · · ⊗ p1)∆
(n−1)
(5)
where ∆ is the oprodut on ΛcHc ⊗ T
cHo dened by (16) in the appendix.
Given a oderivation φ ∈ Coder(ΛcHc ⊗ T
cHo), applying it to (5):
pnφ = Ξ
−1(p1 ⊗ · · · ⊗ p1)∆
(n−1)φ
= Ξ−1
∑
(p1 ⊗ · · · ⊗ p1φ⊗ · · · ⊗ p1)∆
(n−1),
we onlude that φ is determined by its projetion p1φ : Λ
cHc ⊗ T
cHo →
Hc ⊕Ho, p1φ = g ⊕ f . We an write g and f as: g =
∑
gp,q and f =
∑
fp,q,
where gp,q : H
∧p
c ⊗H
⊗q
o → Hc and fp,q : H
∧p
c ⊗H
⊗q
o → Ho.
Let us show that φ is given by the lifting of gp,q and fp,q as oderivations:
pnφ = Ξ
−1
∑
(p1 ⊗ · · · ⊗ (f + g)⊗ · · · ⊗ p1)∆
(n−1)
= Ξ−1
∑
(p1 ⊗ · · · ⊗ (
∑
gp,q +
∑
fp,q)⊗ · · · ⊗ p1)∆
(n−1),
onsequently, pnφ is the sum of the two expressions:∑
p,q
Ξ−1
∑
(p1 ⊗ · · · ⊗ gp,q ⊗ · · · ⊗ p1)∆
(n−1)
(6)
∑
p,q
Ξ−1
∑
(p1 ⊗ · · · ⊗ fp,q ⊗ · · · ⊗ p1)∆
(n−1). (7)
Extending fp,q 7→ fˆp,q by formula (17), we see that (7) is equal to pn
∑
p,q fˆp,q.
On the other hand, we lift gp,q : H
∧p
c ⊗ H
∧q
o → Hc to gˆp,q : Λ
cHc ⊗ T
cHo →
ΛcHc ⊗ T
cHo, with gˆp,q given by:
gˆp,q((u1 ∧ · · · ∧ un)⊗ (v1 ⊗ · · · ⊗ vm)) = 0, if n < p or m < q,
and
gˆp,q((u1 ∧ · · · ∧ un)⊗ (v1 ⊗ · · · ⊗ vm)) =∑
σ∈Sp,n−p
±(gp,q(uσ(1), . . . , uσ(p), vi+1, . . . , vi+q) ∧ uσ(p+1) ∧ · · · ∧ uσ(n))⊗
⊗ (v1 ⊗ · · · ⊗ v̂i+1 ⊗ · · · ⊗ v̂i+q ⊗ · · · ⊗ vm) (8)
7
where± = (−1)(ǫ(σ) + (uσ(p+1) + · · ·+ uσ(n) + v1 + · · ·+ vi)(vi+1 + · · ·+ vi+q))
and vˆ means that v is omitted in the expression.
It follows that pn
∑
p,q gˆp,q is equal to expression (6), and the oderivation
an thus be written as φ =
∑
gˆp,q +
∑
fˆp,q . Observe that (8) redues to (18)
in the appendix when q = 0.
We say that a oderivation φ satises the OCHA onstraint if
φ =
∑
gˆp +
∑
fˆp,q (9)
for gp : H
∧p
c → Hc and fp,q : H
∧p
c ⊗H
⊗q
o → Ho.
Proposition 1. Every oderivation φ ∈ Coder(ΛcHc ⊗ T
cHo) satises the
OCHA onstraint.
Proof. We have already seen that formula (5) implies that any oderivation
φ ∈ Coder(ΛcHc ⊗ T
cHo) is uniquely written as φ =
∑
gˆp,q +
∑
fˆp,q where
fˆp,q was dened in formula (17) and gˆp,q in formula (8). We know that fˆp,q
is a oderivation for any p, q and that gˆp,q is a oderivation if q = 0. Thus
φ− (
∑
fˆp,q +
∑
gˆp,0) =
∑
(p,q)>(0,1)
gˆp,q is a oderivation:
∑
(p,q)>(0,1)
(gˆp,q ⊗ 1 + 1⊗ gˆp,q)∆¯ =
∑
(p,q)>(0,1)
∆¯gˆp,q (10)
where ∆¯ denotes the redued omultipliation: ∆x = x⊗ 1 + ∆¯x+ 1⊗ x.
We will prove that gp,q ≡ 0 for any p > 0, q > 1. To simplify the exposition
we will use the notation: u[p] = u1 ∧ · · · ∧ up. From (8), we have
gˆp,q(u[p]⊗(v1⊗· · ·⊗vq+1)) = gp,q(u[p]; v1⊗· · ·⊗vq)⊗vq+1± gp,q(u[p]; v2⊗· · ·⊗vq+1)⊗v1
where ± = (−1)|v1|(|v2|+···+|vq+1|).
Applying u[p] ⊗ (v1 ⊗ · · · ⊗ vq ⊗ vq+1) to both sides of equation (10) and
projeting the result onto (Hc ⊗ Ho) ⊕ (Ho ⊗ Hc) (viewed as a subspae of
(ΛcHc ⊗ T
cHo)⊗ (Λ
cHc ⊗ T
cHo)) we have:
gp,q(u[p]; v1, . . . , vq)⊗ vq+1 ± v1 ⊗ gp,q(u[p]; v2, . . . , vq+1) =
= gp,q(u[p]; v1, . . . , vq)⊗ vq+1 ± gp,q(u[p]; v2, . . . , vq+1)⊗ v1±
± vq+1 ⊗ gp,q(u[p]; v1, . . . , vq)± v1 ⊗ gp,q(u[p]; v2, . . . , vq+1).
where± is, in order of appearane: (−1)|v1|(|u[p]|+1); (−1)|vq+1|(|u[p]|+|v1|+···+|vq|+1);
(−1)|v1|(|v2|+···+|vq+1|); (−1)|v1|(|u[p]|+1|).
It follows that:
gp,q(u[p]; v2, . . . , vq+1)⊗ v1 ± vq+1 ⊗ gp,q(u[p]; v1, . . . , vq) = 0,
one summand belongs to (Hc ⊗Ho) while the other one belongs to (Ho ⊗Hc),
hene both are zero. Assuming vq+1 6= 0, we have gp,q(u[p]; v1, . . . , vq) = 0.
Theorem 1. An OCHA struture on the pair (Hc,Ho) is equivalent to a degree
one oderivation D ∈ Coder1(ΛcHc ⊗ T
cHo) suh that D
2 = 0.
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3.2 OCHA-morphisms
Consider two families of degree zero linear maps fk : Λ
kHc → H
′
c, for k > 1 and
fp,q : Λ
pHc ⊗ H
⊗q
o → H
′
o for p + q > 1. Given two OCHAs (Hc ⊕ Ho, D) and
(H′c⊕H
′
o, D
′), aording Kajiura and Stashe we say that the maps {fk}k>1 and
{fp,q}p+q>1 dene an OCHA-morphism when they ommute with the OCHA
strutures after lifted as a oalgebra morphism. More preisely:
f ◦D = D′ ◦ f
where f : ΛcHc⊗T
cHo → Λ
cH′c⊗T
cH′o is the oalgebra morphism obtained by
lifting the degree zero linear maps {fk}k>1 and {fp,q}p+q>1. Expliit formulas
for OCHA-morphisms are available in [6℄. In the partiular ase of linear OCHA-
morphisms, expliit formulas are provided below.
We say that an OCHA-morphism f is linear when it is obtained by lifting
maps g : Hc → H
′
c, f0,1 : Ho → H
′
o and f1,0 : Hc → H
′
o. Denoting the OCHA
strutures by D = l + n and D′ = l′ + n′, equation f ◦ D = D′ ◦ f an be
written as g ◦ ln = l
′
n ◦ g
⊗n
for the L∞-struture maps and, for the remaining
OCHA-struture maps as:
f0,1(ηn,0(c1, . . . , cn)) + f1,0(ln(c1, . . . , cn)) =
=
∑
p+q=n
1
p!
η′p,q(g
⊗p ⊗ f⊗q1,0 )χ(c1, . . . , cn) (11)
f0,1(ηp,q(c1, . . . , cp, o1, . . . , oq)) =
=
∑
06m6p
1
m!
η′m,n(g
⊗m ⊗ Shp−m,q(f
⊗(p−m)
1,0 ⊗ f
⊗q
0,1 ))(χ(c1, .., cp), o1, .., oq). (12)
The ommutator χ and the shue produt Sh were dened in setion 3.1.
4 Commutators and shues of A∞-extensions
Given an assoiative algebra with produt a · b, one an obtain a Lie algebra
through the ommutator: [a, b] = a · b− b · a. This fundamental fat is also true
in the ontext of strongly homotopy Lie algebras. In fat, Lada and Markl [10℄
have used the symmetrization oalgebra map to relate A∞ and L∞ algebras and
dene the universal enveloping A∞-algebra of an L∞-algebra.
In this setion we will show that analogous relations hold in the ontext of
OCHA. In other words, we show that an OCHA an be obtained from om-
mutators and shues of OCHA onstrained A∞ strutures on Hc ⊕ Ho or,
equivalently, A∞-extensions of Hc by Ho. The universal enveloping A∞-algebra
of an OCHA is then dened as an A∞-extension satisfying a natural universal
property.
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4.1 Constraints on A∞-algebras as A∞-extensions
In this setion we show that the OCHA onstraint on an A∞-algebra an be
understood as an A∞-extension.
Denition 4. Let (E,D) be an A∞-algebra whih split in the ategory of vetor
spaes as: E = A ⊕ B. We say that the A∞-algebra E satisfy the OCHA
onstraint with respet to the splitting E = A⊕ B if D has only omponents of
the form: DBq : B
⊗q → B and DAp,q : A
⊗p ⊗B⊗q → A.
In this paper, A∞-extensions are dened using linear A∞-morphisms. A
linear A∞-morphism between two A∞-algebras (A,M = {mk}) and (B,M
′ =
{m′k}) is a degree zero linear map f : A→ B suh that:
f ◦mk = m
′
k ◦ (f ⊗ · · · ⊗ f) ∀k > 1.
In general, an A∞-morphism is given by a degree zero oalgebra morphism
ϕ : T c(A)→ T c(B) suh thatM ′◦ϕ = ϕ◦M , viewingM andM ′ as oderivation
dierentials dening the A∞-strutures.
Denition 5 (A∞-ideal). Let A be an A∞-algebra. An A∞-ideal of A is a
subespae I ⊆ A suh that, for any k > 1, mk(x1, . . . , xk) ∈ A whenever xi ∈ I
for some 1 6 i 6 k.
Notie that an A∞-ideal is in partiular a subomplex of A and, if f : A→ B
is a linear A∞-morphism, then Ker(f) ⊂ A is an A∞-ideal of A.
Denition 6. Let A and B be A∞-algebras. We say that an A∞-algebra E is
an A∞-extension of B by A if there exists an exat sequene
0→ A→ E → B → 0
where eah map is a linear A∞-morphism.
If E is an extension of B by A, then E = A ⊕ B as vetor spaes and,
sine A is an A∞-ideal in E, we see that the A∞-algebra E satises the OCHA
onstraint with respet to the splitting E = A⊕ B. Now that the appropriate
onepts are given, we an just apply a well known argument [9, 10℄ to prove
the following theorem.
Theorem 2. Let A and B be two A∞-algebras. If (E,D) is an A∞-extension
of B by A, then D ◦Ξ denes an OCHA struture on the pair (B,A). The L∞
struture on B is the Lada-Markl symmetrization of the A∞ struture on B.
Proof. Sine D = {Dk} is OCHA onstrained, the omposition D◦Ξ = {Dk ◦Ξ}
gives two sequene of maps: lk = ℓk ◦Ξ : Λ
kHc → Hc and np,q = nk ◦Ξ : H
∧p
c ⊗
H⊗qo → Ho with p+q = k. Equations (17) and (18) tells us how to lift these maps
as oderivations lk ∈ Coder(Λ
cHc⊗T
cHo) and np,q ∈ Coder(Λ
cHc⊗T
cHo). We
denote by D̂ ◦ Ξ the oderivation l+ n =
∑
lk+
∑
np,q ∈ Coder(Λ
cHc⊗T
cHo).
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Let us now onsider the following diagram:
ΛcHc ⊗ T
cHo
Ξ // T c(Hc ⊕Ho)
ΛcHc ⊗ T
cHo
D̂◦Ξ
OO
Ξ // T c(Hc ⊕Ho)
Dˆ
OO
πc⊕πo
''OO
OO
OO
OO
OO
O
ΛcHc ⊗ T
cHo
D̂◦Ξ
OO
Ξ // T c(Hc ⊕Ho)
Dˆ
OO
D // Hc ⊕Ho,
(13)
Sine D is OCHA onstrained, it is not diult to hek that Ξ ◦ D̂ ◦ Ξ =
D̂ ◦Ξ, so the diagram is ommuatative. Sine D = {Dk} denes an A∞-algebra
struture, we have D̂
2
= 0. Sine Ξ is injetive, from the above diagram we
have (D̂ ◦ Ξ)2 = (l+ n)2 = 0.
Observation 3. If E is an A∞-extension of B by A, we will denote the OCHA
obtained through ommutators and shues by (E)OC .
4.2 Universal Enveloping A∞-algebra of an OCHA
Let us now onstrut the universal enveloping A∞ algebra of an OCHA. Given
an OCHA struture l + n =
∑
n>1 ln +
∑
p+q>1 np,q on a pair (Hc,Ho), let
F∞(Hc⊕Ho) be the free A∞ algebra generated by Hc⊕Ho with A∞ struture
maps denoted by µn : (Hc ⊕Ho)
⊗n → Hc ⊕Ho.
We dene the universal enveloping A∞-algebra U∞(Hc,Ho) as the quotient
of F∞(Hc ⊕Ho) by the A∞-ideal I generated by the relations:
∑
σ∈Sp
(−1)ǫ(σ)µp+q(Sh(cσ(1), .., cσ(p)|o1, .., oq)) = np,q(c1, .., cp, o1, .., oq) (14)
∑
σ∈Sp
(−1)ǫ(σ)µp(cσ(1), . . . , cσ(p)) = lp(c1, . . . , cp) + np,0(c1, . . . , cp), (15)
for p > 0, q > 1 in (14) and p > 1 in (15), where ci ∈ Hc and oj ∈ Ho.
In ase Ho = 0, the OCHA struture redues to an L∞-algebra struture on
Hc and the above onstrution redues to the universal enveloping A∞-algebra
U∞(Hc) of an L∞-algebra introdued by Lada and Markl in [10℄. In general,
we have the following result relating the two onstrutions.
Theorem 3. The universal enveloping A∞-algebra U∞(Hc,Ho) of an OCHA
(Hc,Ho,D) is an A∞-extension of U∞(Hc) by 〈Ho〉:
0→ 〈Ho〉 → U∞(Hc,Ho)→ U∞(Hc)→ 0
where 〈Ho〉 is the A∞-ideal generated by Ho.
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Proof. We just need to show that U∞(Hc,Ho)/〈Ho〉 is isomorphi to U∞(Hc),
i.e., that U∞(Hc,Ho)/〈Ho〉 satises the universal property dening U∞(Hc).
Let A be an A∞-algebra and let f : Hc → A be any linear map induing a
L∞-morphism from Hc to (A)L (the L∞-algebra dened by ommutators of A).
Sine F∞(Hc ⊕Ho) is free, there is a unique A∞-morphism from F∞(Hc⊕Ho)
to A extending f and vanishing on 〈Ho〉. To see that it also vanishes on the ideal
I of relations dening U∞(Hc,Ho), we just need to note that it satises relations
(14) beause it vanishes on 〈Ho〉 and relations (15) sine f : Hc → (A)L is an
L∞-morphism.
The universal property haraterizing U∞(Hc,Ho) is desribed as follows.
Let (Hc,Ho,D) be an OCHA and let A and B be A∞-algebras. For any A∞-
extension E of B by A and any linear map Hc ⊕ Ho
f
−→ E suh that Hc ⊕
Ho
f
−→ (E)OC is a linear OCHA-morphism, there exists a unique morphism
of A∞-extensions ϕ : U∞(Hc,Ho) → E suh that the following diagram is
ommutative:
U∞(Hc,Ho)
ϕ

Hc ⊕Ho
ι
77ppppppppppp f // E
where ι : Hc ⊕Ho → U∞(Hc,Ho) is the inlusion. Sine F∞(Hc ⊕Ho) is free,
there is a unique A∞-morphism ϕ : F∞(Hc⊕Ho)→ E extending f . It vanishes
on the ideal of OCHA relations (14) and (15) beause f : Hc ⊕Ho → EOC is a
linear OCHA morphism. Hene ϕ is well dened on U∞(Hc,Ho). This proves
that there is a unique A∞-morphism ϕ : U∞(Hc,Ho)→ E extending f .
To see that ϕ is a morphism of A∞-extensions, we just need to observe that
the following diagram is ommutative:
0 // 〈Ho〉

// U∞(Hc,Ho) //
ϕ

U∞(Hc)

// 0
0 // A // E // B // 0.
In fat, ϕ : U∞(Hc,Ho) → E is an extension of an OCHA morphism f : Hc ⊕
Ho → (E)OC . So, it respets the OCHA onstraint taking the ideal 〈Ho〉 into
the ideal A and is thus well dened on the quotient U∞(Hc,Ho)/〈Ho〉 → E/A.
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Appendix: Lifting as a oderivation
Here we provide some formulas for the lifting as a oderivation in the ase of
the oalgebras ΛcU and ΛcU ⊗ T cHo. U and Ho are Z-graded vetor spaes.
The oprodut ∆ on ΛcU ⊗ T cHo is given expliitly by:
∆((u1 ∧ · · · ∧ um)⊗ (v1 ⊗ · · · ⊗ vn)) =
=
∑
06p6m
06q6n
∑
σ∈Sp,m−p
(−1)ǫ(σ)(−1)η(p,q)((uσ(1) ∧ · · · ∧ uσ(p))⊗ (v1 ⊗ · · · ⊗ vq))⊗
⊗ ((uσ(p+1) ∧ · · · ∧ uσ(m))⊗ (vq+1 ⊗ · · · ⊗ vn)),
(16)
where : η(p, q) = (uσ(p+1) + · · ·+ uσ(m))(v1 + · · ·+ vq).
Given a map f : U∧p ⊗Ho
⊗q → Ho, we may lift it as a oderivation in the
following way: for r > p, s > q we dene:
fˆ((u1 ∧ · · · ∧ ur)⊗ (v1 ⊗ · · · ⊗ vs)) =
=
∑
σ∈Sr−p,p
06j6s−q
(−1)µr−p,j(σ)(uσ(1) ∧ · · · ∧ uσ(r−p))⊗ (v1 ⊗ · · · ⊗ vj⊗
⊗ f(uσ(r−p+1), . . . , uσ(r), vj+1, . . . , vj+q)⊗ · · · ⊗ vs) (17)
where: µp,q(σ) = ǫ(σ) + (uσ(1) + · · ·+ uσ(p)) + (v1 + · · ·+ vq)+
+ (v1 + · · ·+ vq)(uσ(q+1) + · · ·+ uσ(n)).
It is not diult to hek that fˆ is a oderivation.
Reall that a map g : U∧p → U may be lifted as a oderivation gˆ : ΛcU →
ΛcU so that: gˆ(u1 ∧ · · · ∧ un) = 0 for n < p and for n > p is dened by:
gˆ(u1 ∧ · · · ∧ un) =
∑
σ∈Sp,n−p
(−1)ǫ(σ)g(uσ(1) ∧ · · · ∧ uσ(p)) ∧ uσ(p+1) ∧ · · · ∧ uσ(n).
g an be lifted as a oderivation of ΛcU ⊗ T cHo by tensoring the above map
with the identity of T cHo. We thus have gˆ : Λ
cU ⊗ T cHo → Λ
cU ⊗ T cHo
gˆ((u1 ∧ · · · ∧ un)⊗ (v1 ⊗ · · · ⊗ vp)) =∑
σ∈Sp,n−p
(−1)ǫ(σ)(g(uσ(1)∧· · ·∧uσ(p))∧uσ(p+1)∧· · ·∧uσ(n))⊗ (v1⊗· · ·⊗ vp).
(18)
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